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1. Introduction. 

A Liouville structure is a structure isomorphic to a cotangent vector fibration. A Liouville struc- 
ture is an essential ingredient of every variational formulation of a physical theory. For reasons of 
interpretation the Liouville structure can not be replaced by the corresponding cotangent fibration. 
We give a precise definition of Liouville structures, study their properties, and give examples used in 
variational formulations of mechanics. 

2. Tangent and cotangent fibrations. 

Let Q be a differential manifold. In the set C°°{Q\R) of differentiable curves in Q we introduce an 
equivalence relation. Two curves 7 and 7' are equivalent if 7'(0) = 7(0) and D(/o7')(0) = D(/o7)(0) 
for each differentiable function / : Q ^ M. Equivalence classes are called tangent vectors. The set of 
all tangent vectors will be denoted by TQ. The equivalence class of a curve 7 : R ^ Q will be denoted 
by 17(0). We have the surjective mapping 

TQ:TQ^Q:t7(0)K^7(0) (1) 

called the tangent fibration. 

Let C°°(M|Q) denote the algebra of differentiable functions on a differential manifold Q. In the 
set C°°(M|(5) X Q we introduce an equivalence relation. Two pairs (/, g) and {f',q') are equivalent if 
q' = q and 

D(/'o7)(0) = D(/o7)(0) (2) 

for each differentiable curve 7 : M ^ Q such that 7(0) = q. The set of equivalence classes denoted 
by T*(5 is called the cotangent bundle of Q. Elements of T*Q are called cotangent vectors. The 
equivalence class of (/, q) denoted by df{q) is called the differential of / at q. The mapping 

7TQ:T*Q-^Q:dfiq)^q (3) 

is called the cotangent bundle projection. Linear operations in fibres of the cotangent fibration have 
natural definitions 

+ :T*Q^ X J*Q^T*g:(d/i((z),d/2(9))^d(/i+/2)(g) (4) 
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and 



: M X T*Q ^ T*Q : {k, df{q)) ^ d(/e/)(g). 



(5) 



The mapping 



) :T*g X TQ 



l:(d/(a),t7(0))^D(/o7)(0) 



(6) 



is a difFerentiable nondegenerate pairing linear in its covector argument. There is a unique structure 
of a vector fibration for tq such that the canonical pairing (6) is bilinear. The tangent fibration and 
the cotangent fibration are a dual pair of vector fibrations. 
3. The tangent of a vector fibration. 
Let 



be a vector fibration with operations 

and 
Let 



be the zero section. 

The tangent fibration 



Q 



:P X P 

(7r,7r) 



: R X P ^ p. 
TP 

Tp 



(7) 

(8) 

(9) 
(10) 



(11) 



is a vector fibration with operations 
and 

and the zero section 
The diagram 



+ : TP X TP ^ TP 

{tp,tp) 



X TP TP, 



Orp-P 



TP. 



TP 

Ttt 
TQ 
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(12) 

(13) 
(14) 



(15) 



is again a vector fibration with operations 



+ -.TP^^x^^TP - TP: (tCi(0),tC2(0)) ^ t (Ci + C2)(0) 



(16) 



and 



and the zero section 



: M X TP ^ TP : (fc, t C(0)) ^ t (A;C)(0), 



Ottt = TO^ : TM ^ TP 



(17) 
(18) 

P representing the vectors 



In the definition of the operation + the curves : R ^ P and Ci : I 
tCi(O) and t^2(0) are chosen to satisfy the condition tt o ^2 = n 0(1. 

There arc alternative constructions of the operations + and • . The operation + is obtained from 
the tangent mapping 

T+:T(Px P)^TP (19) 

(tt-tt) 

by identifying the space T(P x P) with TP x TP. The operation • is constructed from the 
tangent mapping 



T- : T(M x P) ^ TP 



(20) 



The space T(M x P) is identified with T M x TP = x TP and then the operation • is introduced as 
the mapping 

. :Mx TP ^ TP: (&,«;) (fc,0)T- (21) 

The diagram 




(22) 



is a vector fibration morphism. We show that also the diagram 




(23) 



is a vector fibration morphism. If vectors wi G TP and W2 G TP such that T7r(w2) = T7r(w;i) are 
represented by curves i^i : M — > P and (^1 : M — > P chosen to satisfy the condition tt o 1^2 = then 



Tp(u;i+W2) =Tp(tCl(0)+tC2(0)) 

= rp(t(Ci+C2))(0) 

= (Ci + C2)(0) 
= Ci(0) + C2(0) 

= Tp{wi) +Tp{W2). 



(24) 
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Similarily, ii w € TP is represented by a curve (•.'E.—>-P, then 



Tp{k-w) =Tp(A;-tC(0)) 

= TP (t(fcC)(0)) 

= {Km (25) 

= km 

= kTp{w). 

This completes the proof. 

The space TP with its two vector bundle structures forms a double vector fibration best represented 
by the diagram 




We use the concept of a double vector fibration and structures related to double vector fibrations as 
introduced in [8], [3], [5], and [2]. The space 

C={we TP; TttH = OrQ{TQ{TTr{w)),Tp{w) = 0^{n{Tp{w))} (27) 

is the core of the double vector fibration and the diagram 

C 

(28) 



with 

e:C^Q:u,^ tt{tp{u,)) = tq (T7r(w) (29) 
is the core fibration. The core fibration is a vector fibration. The operation 

+ :C X C^C (30) 

(£,£) 

is derived either from the operation (12) or from (16). If Wi and W2 are elements of the core such that 
e(w2) = e(wi), then tp{w2) = Tp{wi) and T7r(w2) = T7r(wi). Both operations (12) and (16) can be 
applied and with the same result. The operation 

■-.RxC^C (31) 

comes either from (13) or from (17) since multiplying an element of C by a number in either of the 
two senses produces the same result. The zero section is the mapping 

0,:Q^C:q^OrAOAQ))=OT„iOrQiq)). (32) 
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There is the mapping 



X.:P X P^TP:(po,p)^tC(0) 



with 



The image of Xtt is the subbundle 



C -.M. ^ P : s 1-^ Po + sp. 



yP={we TP; Tn{w) = 0} 



(33) 
(34) 

(35) 



of vertical vectors. 

An important example of a double vector fibration is obtained by using the tangent fibration (1) 
as the vector fibration (7). The diagram 




(36) 



represents the double fibration. We follow the costruction of this double fibration described in [9]. 
Each element of TTQ is represented as an equivalence class of mappings 



Q:{s,t) x{s,t). 



(37) 

(38) 

(39) 
(40) 



Mappings x ^^^id x' Etre equivalent if 

D(°'°H/°x')(0,0) = D(0'0)(/ox)(0,0), 

D(^'°H/°x')(0,0) = D(i'0)(/ox)(0,0), 
D(°'^H/°x')(0,0) = D(0'i)(/ox)(0,0), 
and 

D(^'^) (/ o x')(0, 0) = D(i'i) (/ o x)(0, 0), (41) 

for each function / on Q. The symbol D^*'^^ is used to denote partial derivatives of functions on R^. 
A representative x. of an element w G TTQ is easily constructed by using local coordinates of w. The 
equivalence class of x will be denoted by t*^^'^^x(0, 0). In terms of this representation the mappings 
TTQ and Ttq, and the composition ttq o Ttq are expressed by 



and 



An involution 



TTQ : TTQ ^ JQ : t^'''h{0, 0) ^ t x(0, • )(0), 
Ttq : TTQ ^ TQ : t^''''>x{0, 0) ^ t x( • , 0)(0), 

TTQ o Ttq : ttq ^ Q : t^'''\{0, 0) ^ x(0, 0). 

KQ : TTQ ^ TTQ : t^'''h{0, 0) ^ t^''''>m 0) 
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(42) 
(43) 

(44) 

(45) 



is constructed in terms of the above convenient representation of elements of TTQ. The symbol x 
denotes the mapping 



X-- 



(46) 



The diagram 



TTQ 



TQ = 





TQ 



TTQ 



TQ 



JTQ 
TQ 



(47) 



Q 



Q 



TQ 



is an isomorphism of double vector fibrations. 

4. The tangent functor applied to a dual pair of vector fibrations. 



Let 



E 



F 

s ^ (48) 

M M 
represent a vector fibration s and a dual vector fibration tp. Let 

{,):FxE^R (49) 

be the pairing. We have double vector bundle structures in TE and TF. The tangent fibrations 

TE TF 

Te Tcp (50) 

TM TM 

are a dual pair of vector fibrations. The tangent pairing 



,y:TF X TE 



is constructed from the tangent mapping 



T(,):T(F x^E)^Tl 



(51) 



(52) 



by identifying the space T(F x E) with TF x TE and composing the tangent mapping with the 
second projection of TR = onto R. If {w, v) is an element of ■j"'"-^ {^■: P) ^ curve in 

x^^E such that {w,v) = (t(7(0),tp(0)), then 



{w,vy = {ta{0),tp{0)y = D{a,p)iO). 
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(53) 



If (a, p) is a curve in Fx E, then 



{ta,tpy = T>{a,p). (54) 



Linearity of the tangent mapping (49) imphes hnearity of the tangent pairing. If {w\,v\) and 
(w2,t^2) are elements of TF x TE such that Tpiwi) = tf{w2) and te(vi) = te{v2), then 

{Wl + W2, Vl + = {wijVlY + {w2,V2y ■ (55) 

If iw, v)&JF , X JE and fc G M, then 

{kw, kvY = k{w, vy. (56) 



5. Linear and vertical forms on vector bundles. 

Let N he a differential manifold. The tangent bundle is denoted by TA^, the tangent fibration is 
a mapping tjv : TA^ — > A'^. Let X ^TA'^ denote the n-fold fibred product of the tangent bundle TA" for 
n > 0. We choose to present a differential n-form as a differentiable mapping 

At:X^TAr-^M. (57) 

Restricted to a fibre X "Tb W an n-form is n-lincar and totally antisymmetric. A 0-form is a differen- 
tiable function on A^. The space of n-forms on A^ will be denoted by $"(A/'). 
Let 



(58) 



Q 



be a vector fibration. The mapping 



Xq.pTttiX^TP^ X^TQ 

:(w\...,w") ^ (T7r(u;i),...,T7r(w")) 



is again a vector fibration with operations 



and 



X (X^TP) ^ X^TP 
:(fc,(u;\...,w;")) ^ (fc-w;\ . . . , fc-w;") 

+ " : ( X -JP) X X " TQ ( X pTP) - X p,TP 



■{{w\, . . . ,w1),{w\, . . . ,w^)) ^ {wl+wl...,w'l + w^), 

and the zero section 
An n-form 



(59) 



(60) 



(61) 



(62) 



(63) 



on P is said to be linear if it is a function linear on fibres of the fibration Xq pTir. Linear forms on 
vector fibrations are examples of more general polynomial forms studied in [10]. Properties of linear 
forms follow from properties of polynomial forms established in [10]. 
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If 




(64) 



is a vector fibration morphism and /i is a linear form on P' , then <y9*/i is a linear form on P. 

The exterior differential of a linear form on P is a linear form on P. A closed linear form is exact. 
It is the exterior differential of a linear form. 

A 1-form /i on P is said to be vertical if ijl{w) = for each vector w € TP such that Ttt{w) = 0. 
The puUback of a vertical form is vertical. 

6. The Liouville form for a cotangent fibration. 

The Liouville form for the cotangent fibration of a manifold Q is the 1-form 

'&q:TT*Q^R (65) 



iJq {w) = {tj* q{w), Twq {w))^. (66) 

(g-^) : f/ ^ M'" (67) 

{q^,Px):U* ^R^^ (68) 

^Q\U*=p,dq\ (69) 



defined by 

A local chart 
inU C Q induces a chart 
in U* = ■Kq^{U) such that 
From the local expression 

wqIL/* =dp«Adg« (70) 

we deduce that the 2-form ojq = d-dq is non degenerate. It follows that the cotangent bundle T*Q 
with the 2-form luq = ddg form a symplectic manifold {T*Q,(jjq). 
The Liouville form is vertical since TttqIw) = implies 

Mw) = {Tj^Q{w),TnQiw))^ = 0. (71) 

If wi e TP and W2 € TP are vectors such that TTrQ{w2) = TTrQ{wi) = v, then 

'ffqiwi +W2) ={Tj*Q{wi+W2),T'7rQ{wi+W2))Q 

= {t-T*q{wi)+Tj*q{W2),v)^ 

= {t-T*q{wi),TtTq{wi))^ + {Tj*Q{W2),TnQ{W2))Q 
= '&q{wi) +'&q{W2). 

For each vector w G TP and each number k we have 

= {kTj^Q{w),TnQ{w))^ 

= k{Tj*Q{w),T'KQ{w))^ 

= k-dQ{w). 



(72) 



(73) 
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It follows that the Liouville form is linear. 

7. Liouville structures. 

A Liouville structure is a vector fibration isomorphism 



a 



T*Q 



(74) 



Q 



Q 



This is a preliminary definition. Alternative definitions will be formulated. Liouville structures form 
a category. We will define morphisms and functors in this category after we have introduced the 
alternative definitions. 

The following structures in the vector fibration 



are derived from the Liouville structure (74). 
1) A bilinear non degenerate pairing 



Q 



(75) 



):P X JQ 



'.■.{p,v) ^ {p,v) = {a{p),v) 



Q 



(76) 



is established. 

2) A non degenerate linear 2-form co = a*UQ is introduced. The structure is represented by the 
diagram 



(P,a;) 



Q 



(77) 



3) A 1-form on P is defined as the pullback a*'dQ of the canonical Liouville form t)q. The 
form 1? is vertical and linear. The differential di? = a*u)Q is non degenerate. The structure is 
represented by the diagram 



(78) 



Q 



We show that each of these structures separately defines a Liouville structure for the vector 
fibration (75). 

7.1. Liouville structures constructed from duality. 

Let the vector fibration (75) form a dual pair with the tangent fibration 
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TQ 

> * 

Q 



(79) 



with a bilinear non degenerate pairing 



( , ):P X TQ 



A mapping a : P — > T*(5 is introduced. It is characterized by 
for p G P and each v G TQ such that tq{v) = tt{p). The diagram 



(80) 



(81) 



Q 



a 



T*Q 



(82) 



Q 



is vector fibration morphism. Let g be a point in Q and let aq-.Pq -^T*Q be the mapping induced by 
the restriction of a to the fibre Pg = n~^{q). If aq{p) = OT^Q{q), then {p,v) = {aq{p),v)^ = for each 
V € TqQ. It follows that p = 0.n{q) since the pairing (80) is non degenerate. We have shown that Uq 
is injective. If im(Q;5) ^ T*(5, then there is a vector w 7^ in TqQ such that (j>,v) = {a{p),v)^ = 
for each p € Pq. This is not possible since the pairing (80) is non degenerate. We have shown that Uq 
is surjective. The diagram (82) is a Liouville structure. 
7.2. Liouville structures derived from linear symplectic structures. 

Let a; be a symplectic form on a manifold P. If P is the total space of a vector fibration (75) and 
the form lo is linear, then there is a unique Liouville structure (74) such that uj — a^ug. This Liouville 
structure is said to be a Liouville structure for the symplectic manifold (P, w). Several Liouville 
structures for the same symplectic manifold may be considered. 

Let 



{P,co) 



Q 



(83) 



be a Liouville structure specified in terms of a linear symplectic form. A pairing is defined by 

( , ):P X TQ ^R:{p,v) ^ ujixAOn{Ap)),P),TOrQ{v)). (84) 

We show that the pairing is non degenerate. At each q £ Q we consider the restriction of ui to the 
space 

ToAi)P X ^OA,)P- (85) 

This restriction will be denoted by uiq. The space To^(q)P is the sum Vq + Hq of the subspace Vq of 
vertical vectors and the space 

Hq = TO^iTqQ). (86) 
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Of the four components 



and 



^l'^ = u:\{V,xH,), 
ujI''' = uj\{H^xV,), 



(87) 
(88) 
(89) 

(90) 



the second appears in the definition (84) of the pairing since x-k {0-k{t^{p):P)) £ Vq and TOrqiv) £ Hq 
if tt{p) = q. Refering to the diagram (28) we observe that Vq = Cq = e^^(g). Hence, if w £ Vq, then 
k-w = kw. If wi €Vq and W2 G Vq, then 



ijo{kw\,kW2) = k'^u{w\,W2) 



and 



Lu{kwi, kw2) = u^k'Wi, k'W2) = kuj{wi,W2) 
for each A; € M. It follows that u{kwi,kw2) = 0. Hence, Uq'"" = 0. We observe that 

HqXHq= 0^2 „T7r(Tg<3 X TqQ). 



(91) 
(92) 

(93) 



It follows immediately that ui'^'^ = since oj is linear. The c;oniponent w^''' must be non degenerate 
since LOq is non degenerate. We have shown that the pairing (84) is non degenerate. A Liouville 
structure 



a 



T*Q 



TTQ 



(94) 



Q 



is constructed from the pairing (84). The mapping a is characterized by 

{oi{p),v)^ = (p,v) 



(95) 



for each p £ P and each v £ TQ such that tq{v) = n{p). It follows from results established in [10] that 



a u)Q = u). 

7.3. Liouville structures derived from Liouville forms. 

Let 

(P,i?) 



Q 



(96) 



(97) 



be a Liouville structure specified in terms of a linear vertical 1-form on t? such that the form di? is non 
degenerate. The form i? is called a Liouville form on P. Using the linear symplectic form iv = M we 
construct a Liouville structure as in the preceding subsection. We know already that 



a*MQ = di?. 



(98) 
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We have to show that 



(99) 



The form d — o^dq is Unear, vertical, and closed. A closed linear form is the differential of a linear 
form. It follows that there is a linear function / : P — > M such that d — q*i?q = d/. The vertical vector 
X'k{Otj{tt{p)),p) associated with j» G P is represented by the curve 

C : R ^ P : s H^- sp. (100) 

We have 

f{p) = ^/(^P)L=o = d/(x.(0.('r(p)),p)) = (101) 

since / is linear and d/ is vertical. We have obtained the equality (99). 

Starting with a linear, vertical form i9 and its differential u we have costructed the pairing (84) 
and the Liouville structure (94). For p e P and v € TQ such that tq{v) = 7r{p) we choose a vector 
w e TP such that tp{w) = p and T7r(ii;) = v. Prom 

■d{w) = a*^Q 

= {Tj^Q{Ja{w))jTTQ{'\a{w))) (102) 
= {a(p),v) 
= {P, v) 

it follows that the pairing (84) can be defined directly from the form d. It is defined by 

( , ) : P X JQ^R:{p,v)^ d{w), (103) 

with a choice of the vector w described above. Although this definition is simpler than (84) the 
derivation of the required properties of the pairing is more difficult with this definition. 

For reasons of simplicity of notation it is convenient to represent a Liouvile structure by the 
diagram 

(P,i?) 

TT (104) 

Q 

with the Liouville form i') rather than the diagram (1) with the isomorphism a. 

We should mention here that Liouville forms, but in a different context were studied by Libermann 
in [4]. 

8. Relations. 

A relation from a set A to a set i? is a triple (P, A, R), where P is a subset of the product B x A. 
The set R is called the graph of a relation p = {B,A,R). We write p:A^Bto indicate that p is 
a relation from A to B. We write b p a to indicate that the pair (6, a) Q B x A is an element of the 
graph R. In this case we also say that the elements a and b are in the relation p. The above defined 
concept of a relation conforms to the concept of a morphism in category theory. 

The composition of a relation p:A^B with a relation cr : P — > C is a relation a o p:A — > C 
defined by 

c{aop)a if there is an element bGB such that cab and b p a. (105) 
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The transpose of a relation p = [B, A, R) is the relation p* = [A, B, i?*) with the graph 

= {{a,b) G Ax B; {b,a) e R}. (106) 

A relation a: A ^ B is called a mapping if for each element a E A there is a unique element b £ B 
such that baa. This unique element b is denoted by a (a). If a is a mapping, then b = a (a) has the 
same meaning as 6 a a. li (3:B ^ C and a:A^B are mappings, then the composition /3 o a is a 
mapping from ^ to C defined by 

{l3oa)(a) = 0{a(a)). (107) 

The transpose of a mapping is not usually a mapping. The transpose of a bijective mapping a is its 
inverse . 

A relation p = {N, M, R) from a differential manifold M to a differential manifold TV is said to be 
differentiable if the graph i? is a submanifold of x M. The transpose of a differentiable relation is 
differentiable. The composition of differentiable relations is not necessarily differentiable. Differential 
manifolds and differentiable relations do not form a category. 

Let C be a submanifold of a differential manifold M and let k : C ^ A^ be a differential fibration. 
Let Lc-C^Mhe the canonical injection. The composition p = no lc* is a differentiable relation 
from M to N. The graph of p is the submanifold 

R={{x,y)eMxN; x&C,y = K{x)}. (108) 

The relation p is called a differentiable reduction. Let a = \ o : N ^ T he & differentiable reduction 
constructed from a submanifold D C N and a differential fibration X:D—>T. The set E = ic{K~^{D)) 
is a submanifold of M. The mapping 



li:E ^T:x>-^ X{k{x)) (109) 

is a differential fibration. The composition a o p is the differentiable reduction fj, o le~^. Differential 
manifolds and differentiable reductions form a category. The category of differentiable mappings is a 
subcategory of the category of differentiable reductions. 

A differential fibration morphism is a commutative diagram 




(110) 



where 



P P' 

(111) 

Y Y 

Q Q' 

are differential fibrations and p and a are differentiable relations. 

A vector fibration morphism is a differential fibration morphism (110). The fibrations (111) are 
vector fibrations and for each (g', q) G gr{cr) the set gr(p) fl {P^, x P,) is a vector subspace of P^, x Pg. 

Let (P, co) be a symplectic manifold and let /3 : TP — > T*P be the natural isomorphism character- 
ized by 

{w,l3{v)) = {v Aw,u;) (112) 
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for each v £ TP and each w G TP such that tp{w) = tp{v). Let V C TpP be a vector subspace. The 
polar V° is the subspace 

{aeT*P; V,ey (^,g)=o}. (ii3) 

We denote by the symplectic polar 

p-\V°) = {we JpP; y^^y {v Aw,uj) = 0}. (114) 

If C C P is a submanifold, then T^C will denote the set 

U(TpC)V (115) 
pec 

We recall that a submanifold C C P is said to be isotropic if T^C D TC. A submanifold C C P is said 
to be coisotropic if T^C c TC. The set T^C is called the characteristic distribution of a coisotropic 
submanifold C C P. The characteristic distribution is Frobenius integrable. Its integral foliation is 
called the characteristic foliation of C. The maximum dimension of an isotropic submanifold is a 
half of the dimension of P. A Lagrangian submanifold of a symplectic manifold (P, w) is an isotropic 

submanifold C C P of maximum dimension. The equality T^C = TC is an equivalent characterization 
of a Lagrangian submanifold. 

A symplectic relation from a symplectic manifold (P, w) to a symplectic manifold {P',u}') is a 
differentiable relation p from P to P' with the additional property that the graph of p is a Lagrangian 
submanifold of the symplectic manifold (P' x P,ui' Qiv), where the form ui' Qui is defined by 

Lo' Qu; = pr'*uj' -pr*uj, (116) 

where pr : P' x P ^ P and pr' -.P'xP — » P' are the canonical projections. The transpose of a 
symplectic relation is a symplectic relation. The composition of symplectic relations is not necessarily 
differentiable and if it is difcrcntiable is not necessarily symplectic. 

Let (P, w) and (P',w')(P, w) be symplectic manifolds and let p = k o lc~^ be a differentiable 
reduction constructed from a submanifold C C P and a differential fibration k:C ^ P'. If C is 
a coisotropic submanifold of {P,lj), fibres of n arc characteristics of C, and k*lo' = lc*^ then p is 
a symplectic relation. This relation is called a symplectic reduction. The composition of symplectic 
reductions is a symplectic reduction. The only symplectic relations which are actually mappings are 
diffeomorphisms known as symplectomorphisms. 

Symplectic manifolds and symplectic reductions form a category. Attempts have been made to 
extend this category to a wider class of symplectic relations (unpublished results of S. Zakrzewski). 
One should probably use symplectic relations without insisting that they form a category. 
9. Liouville structure morphisms. 

Proposition 1 . Let it : P ^ Q he a vector fibration. If K is a closed submanifold of P such that for 
each q G C = Tr{K) the intersection Kg = K C\ Pq of K with Pq = Tr~^{q) is a vector subspace of Pq, 
then C is a submanifold of Q and the dimension of Kg is locally constant and the mapping 

Tf:K ^C:p^Tr{p) (117) 

is a vector fibration. 

Proof: ker{TTT\TpK) = TPg n TpK is equal to TpKq. A vector v e keT{Tn\TpK) is in TPp. It has a 
representation v = Xv{Pj ^p) in terms of the vector p and a unique vector 5p & Pq. The curve 

C,:^^ P:s^p + s5p (118) 



14 



can be used as an integral curve of v. Being in TpK the vector v is the tangent vector 1 77(0) of a curve 

rjiR^K (119) 

with 77(0) = p. Both integral curves will be used. For each fc ^ we consider the vector k-v. The 
curve 

k-rj:R^K:s^k-r]{s) (120) 
with {k • ?7)(0) — k ■ 77(0) — k ■ p is an integral curve of k-v. It follows that k^v is in T^-pK. The curve 

k ■ C:R^ P:s^k-p + sk-Sp (121) 

is again an integral curve of k-v. It follows that k-v is in TPg. Hence k-v is in k.er(Tn\Tk-pK). The 
vector k~^{k'v) is also in ker(T7r|T/5.pif). The curve 

R^P:s^k-p + s-5p (122) 
is an integral curve of this vector. In the limit of fc — » we have 

^^0 = xAOM. SP) e ker(T7r|To,(,)i^) = TP, n TqAq)!^- (123) 
The vector vq is tangent to K. It has an integral curve 

^■.R^K. (124) 
for each A: > we introduce the modified curve 

^k:R^K:s^k-'^^{ks). (125) 
For a function / : P ^ R constant on fibres of tt we have 

D(/oO(0) = (126) 

since ^ represents a vertical vector, and 

(/°a)(s) = (/oO(M (127) 

hence, 

D(/oa)(0)=fcD(/oO(0) = 0. (128) 
For a function g:P^R linear on fibres of tt we have 

{9 o ^k){s) = k-\g o ^){ks) (129) 

and 

D(5°a)(0) =D(,goe)(0). (130) 
We have shown that for each k the curve is an integral curve of vo- From 

lim(/ o a)(5) = lim(/ o O(fcs) = (/ o 0(0) (131) 

and 

hm{go^k){s)=\imk-\go^){ks) = sB{go^){0) (132) 

fe— >o fe— >o 
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it follows that the family of curves converges almost uniformly to an integral curve I'M. ^ K of 
vq. The equality 

(/o6)(s) = (/°0(0) (133) 

for each function / constant on fibres of tt indicates that the image of is in Kg. It follows that 
^^0 = XTr{OTr{q), Sp) is in To^(q)Kq, dp is in Kq, and v = X^rip, 5p) is in TpKq. We have shown that 

ker(T7r|Tpii:) = JpKq. (134) 

It follows from (134) that 

AimKq + dim(im(T7r|rj,if )) = dim(ker(T7r|Tpii')) + dim(im(T7r|Tpif )) = dim(Tpii') = dXmK. (135) 

The set C = tt{K) C Q is not assumed to be a submanifold. At each q G C we have the cone TgC of 
vectors in TgQ which have integral curves in C. We observe that 

im(T7r|Tpii:) C TqC (136) 

and, in particular, 

im(T7r|To,(,)X) C TqC. (137) 
Let u be a vector in TqC. We have TO^(u) e To^^g^iC and u = Tn{TOjr{u)). It follows that 

TgC C im{Tw\To^^g)K). (138) 

Hence 

im(T7r|ro^(g)i^) = TgC (139) 

is a vector space and 

dim TqC = dim(im(T7r|To,(g)A:)). (140) 
The equality (135) implies the equality 

dim(im(T7r|TpiV')) = dimK- dimifg = dim(im(T7r|To,(q)ii')). (141) 

Prom the inclusion (136), the equality (135), and 

dimTgC = dim(im(T7r|Tpis:)) (142) 

we conclude that 

im{TTT\TpK) = TgC (143) 

and 

dimii", + dimTgC = dimK. (144) 
Let the vector space be a typical fibre of the fibration tt and let 

k:'k-\U)^F (145) 

ba a local trivialization of tt defined in an open neighbourhood U of q. Inclusions 

TO,(T,C) C To^ig)K (146) 

and 

TO^(TgC) C ker(To„ (,)«), (147) 
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and the equality 

ker(To„(g)K) n To„{q)K = keT{To„{q)K\To^{q)K) (148) 

result in the inclusion 

TO^TqC) C ker(To,(,)K|To^(g)i^). (149) 

The inequality 

dim(T,C) = dim(TO,(T,C)) < dim(ker(To^(g)K|To,(,)i^)) (150) 
follows. The inequaUty 

dim(im(To,(g)K|To„(g)-ft'))> dim{To^{q)K{To^{q)Kg)) = dim{T o„{q)Kq) = dimKq (151) 

follows 

'^0„(q)K{To^(q)Kq) C T o„(q) k{T 0„{q)K) . (152) 

We have 

dimKq + dimTgC = dim(im(To,(,)K|To,(g)-?^)) + dim(ker(To,(g)K|To„(g)-fl')) (153) 

since 

dini(ini(To,(g)K I To, (,)-?!')) + dini(ker(To„(,)K|To,(g)-ft')) = dimK (154) 

and 

dimiT, + dimT,C = dimii'. (155) 

The equality 

diniTgC = dim(ker(Tc(,(,)K|To„(g)i^)) (156) 

is derived from (153), (150), and (151). 
The function 

C ^N:q^dimTqC (157) 

is scmi-contimious from above due to (156). It is also semi-continuous from below due to (140). It 
is continuous on the connected set C and, therefore, constant. A consequence of this result together 
with (142) is that the Constant Rank Theorem applies to the mapping irlK. It follows that C C Q 
is a submanifold. The dimension of Kg is the same at each q E C due to (155). We construct a 
local trivialization of the projection W starting with a trivialization (145) in a neighbourhood U oi a. 
point q G C. The typical fibre will be the vector space F = K{Kq). We choose a linear epimorphism 
X - F ^ F and introduce the trivialization k : n~^{U DC) F :p i—>- x(/t(p)). The neighbourhood U is 
assumed small enough so that the mapping 

7r-i([/nC) ^ (C/nC) xF:p^{n{p),K{p)) (158) 

is a diffeomorphism. B 

This proposition is very close to recent results of Grabowski and Rotkicwicz in [2], concerning 
vector bundle structures on a manifold. Let C be a submanifold of a manifold Q. The tangent set TC 
is a subbundle of the restriction TcQ of the tangent bundle TQ to C. The anihilator or the polar of 
TcQ is the subbundle 

T°C = {p e T*Q; g = TTQ (p) e C, V^^t^c (P' = «} (159) 

of T*Q. 

Proposition 2. If K is a submanifold of the cotangent bundle T*Q with the properties 
1) the dimension of K is equal to the dimension of Q, 
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2) for each q G C = t^q{K) the intersection Kq = K r\T*Q of K with the fibre T*Q = t^q^{<i) is 
a vector subspace of the fibre, 

3) the Liouville form, \9q vanishes on TK, 
then C C Q is a submanifold and K = T°C. 

Proof: It follows from Proposition 1 that C C Q is a submanifold. We will use certain results 
established in the proof of Proposition 1. The equality (155) implies that 



dim Kq = dim K — dim C = dim Q — dim C = dim T°C 



(160) 



at each q ^ C. Let p be an element of K and let u be a vector tangent to C at g = nQ{p). It follows 
from (143) that there exists a vector v G TpK such that T7rQ(w) = u. The inclusion 



K c T°C 



follows from 



(161) 
(162) 



{p,u)^dQiv)=0. 

The two results (160) and (161) imply that K = T°C. H 

Definition 1 . A cotangent fibration morphism from the cotangent fibration of a manifold Q to the 
cotangent fibration of a manifold Q' is a diagram 



(T*Q,i?q) 
Q 



(T*Q',V) 



(163) 



where 



Q 



■T*Q' 



TTQ' 



V' 



(164) 



Q' 



is a vector fibration morphism, the dimension of gr(<^) is equal to the dimension of Q' x Q, and 

(%ei?Q)|gr(^)=0. (165) 
The form 'dq, 9 i^q on T*Q' xT*Qis defined by 

'&Q' e i?Q = pr'*'&Q' - pr*'&Q (166) 

with canonical projections 

pr:T*Q'xT*Q^T*Q, pr' -J* Q' x J* Q ^ J* Q' . (167) 



Definition 2. A Liouville structure morphism is a diagram 
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Q 



■Q' 



where 



(P,^) 



Q 



and 



(P',^') 



are Liouville structures, 



P' 



g ^Q' 



is a vector fibration morphism, and one of the foUowing conditions is satisfied. 
1) If the Liouville structures (1) are characterized by isomorphisms 



and 



then 




T*Q' 




{J*Q 

TTQ 



a' o po a ^ 



(T*g',i?Q') 



Q- 



Q' 



is a cotangent fibration morphism. 
2) If the Liouville structures (169) are characterized by pairings 



( , >:P, X JQ 
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and 

( , )':P' X TQ'^M, (175) 
then the dimension of gr(p) is equal to the dimension of Q' x Q and 

{p\v')-{p,v) = (176) 

for each pair {p',p) € gr(p) and each pair {v',v) £ Tgr(cr) C TQ' x TQ such that tq{v) = 'k{p) 
and TQ'{v') = n'ip'). 

3) If the Liouville structures (169) are characterized by symplectic forms oj and u)', then the relation 
/9 is a symplectic relation from {P,oj) to (P',w'). 

4) If the Liouville structures (169) are characterized by Liouville forms "& and then the dimension 
of gr(p) is equal to the dimension of Q' x Q. and 

(^'e^)|gr(p) = 0. (177) 

The form i?' 9 1? on P' x P is defined by 

^'e^ = pr'*t?'-pr*a? (178) 

with canonical projections 

pr:P' X P , pr' :P' X P ^ P'. (179) 

▲ 

We show the equivalence of the listed conditions. 

A) Equivalence of 1) and 4). The Liouville forms i? and i?' and the isomorphisms (171) and (172) 
characterizing the Liouville structures involved are in the relations 

a*i)Q = i), a'*'dQ, = -d'. (180) 

It follows that 

(7?'ei?)|gr(p) =0 (181) 

if and only if 

(i^Q'et?Q)|gr(a'opoa-i) = 0. (182) 

B) Equivalence of 2) and 4). Relations between the Liouville forms '& and & and the corresponding 
pairings (1) and (1) imply the equality 

{§' Q^){w' ,w) = '&'{w')-d{w) = {tp.{w'),J'k'{w'))' - {tp{w)J-k{w)) (183) 

with w e TP and w' € TP'. It follows from Proposition 1 that 

(Ttt' x T7r)(T(p,^p)gr(p)) = T(„/(p/)_^(p))gr((T) (184) 

for each pair [p' ,p) G gr(p). It follows that 

{■&' Q-d){w' ,w) = Q (185) 

for each pair [w' ,w) S Tgr(p) if and only if 

{p',v')-{p,v)=(i (186) 
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for each pair {p',p) € gr(p) and each pair {v',v) S Tgr(s) such that tq'(w') = 7r'(p') and 
'^Qi'") = 7r(p). 

C) Equivalence of 3) and 4). The symplectic forms iv and ui' of the condition 3) and the Liouville 
forms 1? and i?' of condition 4) are related by 



Hence, 



It follows from Proposition 1 that the vector fibration 

P' xP 

Q'xQ 

induces a vector fibration 



(187) 
(188) 



(189) 



gr(p) 



gr(a-) 



The form 



(^?'e^?)|gr(p) 
is linear since i? and are linear. It follows that 

(a;'ea;)|gr(p)=d(7fei9)|gr(p)=0 

if and only if there is a linear function / on gr(p) such that 

(i?'ei?)|gr(p)=d/. 



(190) 



(191) 



(192) 



(193) 



The form i?' 9 is vertical since "3 and i?' are vertical. If the function / exists, then its 
differential d/ = (i9' 'd)\gT{p) is vertical. It follows that / = 0. We have established the 
equivalence of the equalities 

(7?'ei?)|gr(p) = (194) 



and 



(a;'ea;)|gr(p) = 0. 



(195) 



The second of these equalities together with the condition that the dimension of gT{p) is equal 
to the dimension of Q' x Q imply that the relation p is a symplectic relation from (P, lo) to 

{P',UJ'). 

10. Functors in the category of Liouville structures. 

Liouville structures and Liouville structure morphisms do not form a category in the usual sense 
since the composition of morphisms is not necesarilly a morphism. We are using the term 'category' 
in a loose scncc. A true category of Liouville structures with families of functions acting as morphisms 
will be presented in a separate publication. We list examples of functors. 
10.1. Multiplication by a number. 



21 



The functor of multiplication by a number k ^ associates the Liouville structure 

(P, M) 



(196) 



with a Lioville structure 



Q 



Q 



(197) 



and the morphism 



(P, M) 



Q 



(P', M') 



■Q' 



(198) 



with a morphism 



Q 



Q' 



(199) 



The case /c = — 1 is the only important case of this functor. The case k = 1 corresponds to the 
identity functor. 
10.2. The direct sum. 

The direct sum of two Liouville structures 



(A,i?i) 

TTl 

Qi 



and 



Q2 



(200) 



is the Liouville structure 



{P2XPi,^2®^l) 
TT2 X TTl 

Q2 X Qi 



(201) 



10.3. The direct difference. 
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The direct difference 



(P2 xPi,i?2ei?i) 

7r2 X TTl 

Q2 X Qi 

is obtained as the direct sum of LiouviUe structures 



(202) 



and 



Qi 



Q2 



(203) 



10.4. Derivations \t and dy. 

Let T : TM TM be the identity mapping interpreted as a deformation of the tangent projection 
TM ■■ TM M. We associate with T hnear operators ir : $(M) $(TM) and dr : $(M) $(TM) 
from the exterior algebra $(M) of differential forms on the manifold M to the exterior algebra $(TM) 
of differential forms on TM. The constructions of the operators follow the extension of the Frolicher- 
Nijenhuis theory [1] presented in [7]. The operator ix is a derivation of degree -1 relative to the 
homomorphism tm* '■ ^{M) $(TM) in the sense that if /ii and IJ.2 are differential forms on M of 
degrees ri and r2 respectively, then iy/ii and 1x^2 are differential forms on TM of degrees ri — 1 and 
r2 — 1, and the relation 

iT(Mi A H2) = irMi A tm* 1^2 + (-1)''tm*/"i A iTM2 (204) 
holds. The derivation it is of type i* since irf = for each function / on M. The formula 

iTA<(wi, . ..,Wr)= IJ'{ttm{wi),Ttm{wi), . . .,TTM{Wr)) (205) 

gives an explicit construction of the derivation ix- The form /x is of degree r + 1 and Wi, . . . ,Wr are 
elements of TTM such that TtM(w^i) = . . . = TjM{wr)- 

The operator dr is a derivation of degree and type d* . It is defined by 



and is in the relation 



dr = ird + dir 



dyd = ddr 



(206) 
(207) 



with the exterior differentials in $(M) and <1>(TM). 

The following property of the derivation dr was established in [6]. Given elements wi,W2, ■ ■ ■ ,Wr 
of TTM such that 

TTMiwi) = . . . = TTM{Wr) (208) 



it is possible to construct mappings 
such that 



TM 



Wl = KM(t(56(0)), . . . , = KM(t(5Cr(0)) 



(209) 

(210) 
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and 



Tm ° S^l = ■ ■ ■ = Tm O S^r- 



For an r-form /j. : X ^jTM — > R we have 



with 



dTM(wi, W2, ...,Wr)= B{lJ, O {6^1,6^2, • • • , '5^r))(0) 



10.5. The tangent functor. 

The tangent functor T associates the structure 



with a Liouville structure 



(TP,dT^) 

Ttt 
TQ 



(P,t?) 



and the morphism 



(TP,dTt?). 

Ttt 



Q 



TQ 



Ta 



(TP',dT^') 

Ttt' 



with a Liouville structure morphism 



(P,i?) 



(7 



Q' 



There is an alternative construction of the Liouville structure (214). The fibrations 

TP TTQ 

Ttt and Ttq 

TQ TQ 
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form a dual pair with a version 



{ ,y:TP X TTQ 



(219) 



of the tangent pairig (51) and the fibrations 

T*TO 

tttq and 
TQ 

are a canonical dual pair with the canonical pairing 



TTg 

'TTQ 

TQ 



(220) 



(,) :T*TQ X TTQ 



(221) 



The diagram 



TP 

Ttt 

TQ: 



■T*TQ 



(222) 



is a vector fibration isomorphism dual to the vector fibration isomorphism 



-TTQ 
'n-Q 
= TQ 



(223) 



TTQ 

TQ: 

extracted from the double vector fibration isomorphism (47). The duality is expressed by 

{aT{p),5q)^^ = {p,KQ{6q))\ 

The equality 

shows that the diagrams (214) and (222) represent the same Liouville structure. The following objects 
will be used in the proof of this equality. With an element 6p of TTP we associate a curve 



(224) 



(225) 



such that 



Sp = Kp{tdr]{0)). 



(226) 
(227) 



We introduce curves 

rj-.R^P, fi-.R^TP, ^:R^Q, 6^:R^TQ, Srf.R^TTP, 5^:R^TTQ (228) 
defined by 

r] = Tpo6r], r) = tr], ^ = TTor], 5^ = TnoSr], 6ri = Kpot6r], 6^ = TTno5ri. (229) 
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The equality (225) follows from 



and 



= ('H-H.TQ (Taj ) , Ttttq (Taj {5p))) 
= (aT(rrp((5p)),T(7rTQ oaT)(<5p)))-, 

= {aTip),dq)^^ 
= D(r;,5O(0) 
dTi?((5p) = D(i? o 5r/)(0) = D(r/, ^^(0), 



(230) 



(231) 



where we have used the definition (224) of aj, the formula (212) applied to dri?, the relation (102), 
and definitions 

p=T^pm = m (232) 



( , ):TP X TTg 

(TtTjTtqJ 



and 

5q = TTTr{6p) = ^^(0) = KQ(t<5C(0)). 
Two more definitions of the tangent Liouville structure are possible. The pairing 

; : (p, dq) 1-^ (p, KQ{5q)y = {aj{p), H)jq 
or the linear symplectic form ddri? on the vector fibration 

TP 

Ttt 
TQ 



(233) 

(234) 



(235) 



can be used. 

The tangent structure (214) is a Liouville structure for the symplectic structure (TP, drdt?). 
10.6. The Hamilton functor. 

The HamAlton functor H is a covariant functor from the category of symplectic manifolds to the 
category of Liouville structures. It associates the Liouville structure 



(TP,iTW) 
Tp 



(236) 



with a symplectic manifold (P, w), and the morphism 

T^ 



(TP,iTW)' 

Ttt 



(TP',iTa;') 



(237) 
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with a symplectomorphism : (P, oj) — > (P', ui'). 
The formula 

iTUj{Sp) = uj{p, dp) 

with p = T\p{5p) and 5p = Trp((5p) defines the Liouville form itu). 
The diagram 



(238) 




(240) 



(241) 



(239) 



P P 
with the mapping (i[p,i^) characterized by 

{P{P.u;){p), 5p)p = Oj{p, 5p) 

defines a Liouville structure equivalent to (236). The equality 
establishes the equivalence. This equality is proved by 

{p{p.u.*^p)m =t?p(T/3(p.^)(5p)) 

= (rT*p(T/3(p.,)(5p)),T7rp(T/3(p.„)(5p)))^^ 

= {0{P.oj){'rTp{dp)), T(7rp o /3(p^))(^p))^^ 

= (/?(p...)(ttp(^p)),Ttp((5p))^q 

= {l3(^P.o,){p),Sp)^^ 

= w(p, 5p) 
= iTCo{Sp). 

We are using the conventions introduced in the preceding section. 
The pairing 

(,):TP X JP^R:{p,dp)^Loip,dp) 

(Tp.Tp) 

provides an alternative definition of the Hamilton Liouville structure. 

If the Hamilton functor is applied to the symplectic (P, di?) associated with the Liouville structure 
(215), then a second Liouville structure for the symplectic structure (TP, d^d^?) is obtained. The 
diagram 



(242) 



(243) 



T*P 



P{P,0J) 



TP 



on 



■T*Tg 




(244) 



collects together some of the structures present in this case. 
10.7. The phase functor. 

The cotangent functor is a contravariant functor from the category of differential manifolds to the 
category of Liouville structures. It associates the cotangent Liouville structure 



(T*Q,i?q) 

TTQ 



Q 



with a differential manifold Q and the morphism 



(245) 



{T*Q'M ^ (T*Q,i?q) 



TTQ' 



TTQ 



(246) 



Q' 



Q 



with a diffeomorphism or a reduction ip:Q ^ Q'. 

The phase functor is a covariant version of the cotangent functor. It associates the cotangent 
Liouville structure (245) with a differential manifold Q and the morphism 



TTQ 

Q 



V' 



(TQ',%) 



(247) 



with a diffeomorphism or a reduction t/j-.Q Q'. 

11. Generating functions. 

A Liouville structure offers the possibility of generating from generating objects subsets of a sym- 
plcctic manifold {P. uj) for which the Liouville structure is established. Such subsets are usually La- 
grangian submanifolds. Let 




(248) 



be a Liouville structure for the symplectic manifold (P, w). The simplest example of a generating 
object is a generating function 

U:Q-^R. (249) 

The set 

S = a-\im{dU)) = {/ e P ; V.^^tq if M^l) = <f)^ t^en {a{f),5q)^ = {dU,5q)^] (250) 
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is a Lagrangian submanifold of (P, w) generated by the function U. If the Liouville structure is 
characterized by the pairing 

( , ):P X TQ^R, (251) 



then 

S = {/ £ P ; V^^eTQ if ^Q^^l) = then (/, 6q) = {dU, dq)^} (252) 

is the set generated by the function U. 

A more general example of a generating object is a constrained generating function 

U:C^R, (253) 

defined on a submanifold of C C The set 

5 = {/ e P ; TTQif) e C and V,,eTC M^l) = '^(Z)' ^^en {f,Sq) = {dU,5q)^} (254) 

is the Lagrangian submanifold of (P, oj) generated by the constrained function U. This submanifold is 
an afifine bundle over C, modelled on the vector bundle T°C. 

If 5 is a Lagrangian submanifold of (P, w), then u!\S — 0. Hence, the form t^jS* is closed. Assuming 
that this form is exact we choose a function U : S ^ R such that i^jS* = dU. This function is called a 
proper function of S. Since the form d is vertical, {dU, Sq) = for each Sq € TS fl VP. This implies 
that U is constant on connected submanifolds in 5 fl P,. If C = ^{S) is a submanifold of Q and the 
fibration tt restricted to S induces an afhne fibration t]:S^C, then [/^is constant on fibres of t] and 
S is generated by a constrained function [/ : C — > M such that U or] = U. 

12. Examples. 

Example 1 . Let Q be the configuration space of a static mechanical system and let [/ : Q — >■ M be 
the internal energy of the system. The function U generates the constitutive set 

S = im{dU) = {/ G T*Q ; V^,gTQ if ^q(^9) = ^q(/)' tlien (/, Sq)^ = {dU, Sq)^} . (255) 
The Liouville structure in this example is the canonical Liouville structure 



(T*g,i?Q) 

TTQ 

Q 



(256) 



Example 2. Let Q be the configuration space of an autonomous mechanical system and let 

W^[to,ti]:Qxg^M (257) 
be the principal Hamilton function for the time interval [to,ii] C M. The set 

Dit„u] = {(Pi,Po) e T*g X T*Q ; \/ ^s,uS<io)eTQxTQ ^Q^^^^) = ""Q^^) 

and TQ{5qo) = -KQipo), then (pi, ^gi)^ - (po, '^9o)q = (dW^it^.ti], (^9i, '^9o))q} 

is the dynamics in the interval [to,ii] without external forces. The Liouville structure 



(258) 
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(T*gxT*Q,i?Qei?Q) 



TTQ X TTQ 



(259) 



QxQ 

is used. ▲ 
Example 3. Let Q be the configuration space of an autonomous mechanical system and let 

L:TQ^R (260) 

be the Lagrangian. The set 

D = {pe TT*Q ; Vi<^eTTQ if ^TQ{Sq) = Twq{p), then {agip), Sq)^^ = dL{Sq)} (261) 

is the Lagrangian representation of infinitesimal dynamics. The infinitesimal dynamics is an implicit 
difTcrcntial equation for phase space trajectories of the system. The Liouville structure used is the 
tangent Liouville structure derived from the canonical structure (256). It is represented by the diagram 



or by the morphism 



TT*Q 
Tttq 
TQ 



(TT*Q,dTi?Q) 
Tttq 

TQ 



(262) 



•T*TQ 



TTTQ 



(263) 



Example 4. Let (P, w) be the symplectic phase space of an autonomous mechanical system and let 

iJ : P ^ R (264) 

be the Hamiltonian. The set 

I) = e TP ; V^pgTP if M^P) = ^piP)' then w(p, Sp) = -dH{6p)] (265) 

is the Hamiltonian dynamics of the system. The Liouville structure used is the Hamilton Liouville 
structure represented by the pairing (243) and —H is the generating function. The dynamics D is 
a differential equation for phase space trajectories of the system. It is the image of the Hamiltonian 
vector field X -.P TP defined by 

ixuj = -dH. (266) 



Example 5. Let 
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TTi 



Qi 



Q2 



be Liouville structures and let 

and 



)i:Pi xTQi 



( , )2 : -P2 X TQ2 ^ R 
be the pairings belonging to these structures. A differentiable function 

F : Q2 X Qi ^ R 

generates the graph 

G = {{p2,Pl) e -P2 X Pi ; y^Sg,Ml)eTQ2XTQ^ ^Qii^H) = MP2) 

and TQ^{5q2) = ■K2{P2), then (p2,^52>2 - = ^F{5q2,5qi)^ 

of a symplectic relation 

7: (Pi.wi) (^2,^2). 

We are using the pairing 

( , ) : ((P2 X Pi) X (Tg2 X TQi)) ^ R: ((p2,Pi), {5q2,5qi)) ^ (p2, (5(?2>2 - (pi,<5gi>i 
belonging to the Liouville structure 

(P2 X Pi,i?2ei?i) 

7r2 X TTi 

O2 X Qi 



Example 6. Let 

(TP,dTl?) 

Ttt 
TQ 

be Liouville structures derived from a Liouville structure 



(TP,iTdl?) 
Tp 



Q 
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The pairing 

{ ^)--Pf^>< JQ^^ (277) 
is a differentiable function defined on the submanifold P x TQ c P x TQ and the diagonal A of 

TP X TP is the graph of the identity symplectomorphism in (TP, dxoj)- We will show that the diagonal 

A is generated by the function — ( , ). 

Evaluation of the form i^di? dxi) on an element {p,p) G A produces the result 

(irdi? e dT^){p,p) = iTd7?(p) - dr^ip) = -dh^ip). (278) 

It follows that the form iydt? 9 d^^ restricted to A is the differential of the function 

F:A^R:{p,p) ^ -ir^p) = -{Tp{p),T7r{p)) (279) 

The function F is the proper function of A. 

The mapping tp x Tn: TP x TP ^ P x TQ projects the diagonal A onto the submanifold 
P X TQ c P x TQ. The mapping 

(t,tq) 

?7:A^P X TQ:(p,p)^{Tp{p),Jn{p)) (280) 

is the induced mapping. The pull back ( , ) o of the pairing to A is the function 

{ ,)or]:A^R:{p,p)^ {tp{p), T7r(p)). (281) 

Hence, — ( , ) o-q ^ F. 

Wc will show that the mapping -q is an afBnc fibration. We will adopt the obvious identification 
of A with TP. The mapping rj is identified with 

??:TP^P X TO:p^ (rp(p), T7r(p)). (282) 

Let p and p' be elements of TP such that rj{p') = rj{p) = {p,q). The equality Tp{p') = Tp{p) = p 
implies that Tp{p' — p) ^ p and from T7r(p') = T7r(p) = q it follows that T7r(p' — p) = OrQ{TQ{q)). 
Consequently, p' —p & \/pP. We see that the mapping rj, hence r], is an affine fibration with the vector 
fibration 

VP X TQ ^ P X TQ : {p', q) ^ {tp{p'), q) (283) 

{vovp,tq) (■^,tq) 

as its model. The mapping vp : VP ^ P is the restriction of tp to VP. Prom p € TpP and p'VpP we 
construct the vector [p' , T7r(p)) G VP x , TQ. The sum p + (p', T7r(p)) is defined as p-\-p' . 

(ttodpjTq) 

We have completed the proof that the diagonal A is generated by the function — ( , ). ▲ 
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